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We consider locally nilpotent subgroups of units in basic tiled
rings A, over local rings O which satisfy a weak commutativity
condition. Tiled rings are generalizations of both tiled orders
and incidence rings. If, in addition, O is Artinian then we give
a complete description of the maximal locally nilpotent subgroups
of the unit group of A up to conjugacy. All of them are both
nilpotent and maximal Engel. This generalizes our description
of such subgroups of upper-triangular matrices over O given in
M. Dokuchaev, V. Kirichenko, and C. Polcino Milies (2005) [3].
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1. Introduction and preliminaries
In [3] the authors studied Engel subgroups of invertible upper-triangular matrices over an Artinian
local ring O satisfying the following weak commutativity condition:
O/M is commutative and M/M2 ⊆ Z(O/M2), (1)
where M is the (unique) maximal ideal of O and Z(O/M2) denotes the centre of O/M2. It was
shown that (1) is equivalent to the following:
Mk/Mk+1 ⊆ Z(O/Mk+1), ∀k 0. (2)
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to conjugacy by upper unitriangular matrices over O. All of them are nilpotent.
Notice that any Engel group of matrices over a ﬁeld is locally nilpotent, and, more generally, if O
is an Artinian local ring such that O/M is a ﬁeld, then any Engel matrix group G over O is locally
nilpotent. In fact, assume that G is ﬁnitely generated. Then the image G¯ of G modulo M is a ﬁnitely
generated Engel group of matrices over a ﬁeld, and due to the Tits Alternative, G¯ is soluble-by-ﬁnite.
Since M is nilpotent, G is an extension of a nilpotent group by G¯ . Therefore, G is soluble-by-ﬁnite,
and, consequently, by a result of Gruenberg [5] (see also [1]), G is nilpotent.
An example of a non-commutative Artinian local ring with (1) is given by the modular group
algebra of a ﬁnite p-group over a ﬁeld of characteristic p (see [3]). More general local rings with
(1) can be rather sophisticated: Golod’s ﬁnitely generated non-nilpotent nil algebra is, in fact, the
Jacobson radical M of a local ring O with (1). This is immediate from Golod’s construction [4]. In
characteristic p > 0 the Golod group G ⊆ 1+M is a ﬁnitely generated, residually ﬁnite p-group such
that every subgroup with less generators is nilpotent. Thus the units of local rings O with (1) may
contain rather complicated Engel subgroups. More generally, any nil algebra R over a ﬁeld can be
embedded into a local algebra whose maximal ideal is R by the standard procedure of adding an
identity element, 1. Thus some restriction on O in our framework seems to be rather reasonable.
The tools used in [3] can be applied to unit groups of more general rings such as matrix rings
which are upper-triangular modulo an ideal or, more generally, rings which are incidence modulo an
ideal. The latter were introduced and studied in [2] and generalize the well-known incidence algebras,
as well as structurally underlie relevant classes of rings such as serial rings, tiled (0,1)-orders and
Gorenstein tiled orders (see [2]).
Set
Hn(O) =
⎛
⎜⎜⎝
O O . . . O
M O . . . O
...
...
. . .
...
M M . . . O
⎞
⎟⎟⎠ ,
where M is the maximal ideal of a local ring O. In particular, if O is a ﬁeld K , then this is the ring
Tn(K ) of upper-triangular n × n-matrices over K . Note, for example, that the admissible quotients of
Hn(O), with O = Kx, and those of Tn(K ) exhaust all indecomposable ﬁnite dimensional basic serial
algebras over algebraically closed ﬁelds K (here Kx stands for the algebra of power series over K ).
Both Tn(K ) and Hn(O) are particular cases of incidence rings modulo an ideal mentioned above.
We recall the deﬁnition: let P = {p1, . . . , pn} be a ﬁnite partially ordered set, R a ring and J an ideal
of R . Then the ring I(P , R,J ) is deﬁned as the set of all n × n-matrices over R whose (i, j)-entry
belongs to J whenever pi  p j . If P is linearly ordered then I(P , R,J ) is the ring of matrices which
are upper-triangular modulo J :
Hn(R,J ) =
⎛
⎜⎜⎝
R R . . . R
J R . . . R
...
...
. . .
...
J J . . . R
⎞
⎟⎟⎠ .
If, in addition, R = O and J = M then I(P , R,J ) = Hn(O).
We recall that any semiperfect ring A is semilocal and can be decomposed into a ﬁnite direct
sum of indecomposable right A-modules (the principal A-modules): A = Pn11 ⊕ Pn22 ⊕ · · · ⊕ Pnss , with
Pi  P j if i = j. Then A is called basic (or reduced) if each ni = 1. Equivalently, A is basic precisely
when the quotient by its Jacobson radical is a direct product of division rings.
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ical is called a tiled order. By [6, §14.5] each tiled order A is isomorphic to a ring of the form
⎛
⎜⎜⎜⎝
O πα12O . . . πα1nO
πα21O O . . . πα2nO
...
...
. . .
...
παn1O παn2O . . . O
⎞
⎟⎟⎟⎠ ,
where n  1, O is a (non-necessarily commutative) discrete valuation ring with a prime element π ,
and the exponents αi j are integers such that αi j + α jk  αik for all i, j,k (and αii = 0 for any i). By
a discrete valuation ring one means a Noetherian non-Artinian local serial ring. If a tiled order is basic,
then αi j + α ji > 0 for i, j = 1, . . . ,n, i = j. A tiled order A is called a (0,1)-order if each αi j ∈ {0,1}.
To a basic (0,1)-order A one can associate the ﬁnite partially ordered set P A = {p1, . . . , pn} with the
relation  deﬁned by pi  p j ⇔ αi j = 0. Then A = I(P ,O,M) where M = πO = Oπ .
Incidence rings modulo ideals and tiled orders can be treated simultaneously by introducing tiled
rings, which we deﬁne below.
Deﬁnition 1.1. Let R be a ring and Ji j , 1  i, j  n, be non-necessarily proper ideals of R such that
Jii = R and Ji jJ jk ⊆ Jik for all 1 i, j,k n. The ring
A =
⎛
⎜⎜⎜⎝
R J12 . . . J1n
J21 R . . . J2n
...
...
. . .
...
Jn1 Jn2 . . . R
⎞
⎟⎟⎟⎠
will be called a tiled ring over R .
Every ring of the form I(P , R,J ) becomes a tiled ring by setting Ji j = R if pi  p j and Ji j = J
otherwise.
Our main goal is to describe, up to conjugacy, the maximal locally nilpotent subgroups of units in
basic tiled rings A over an Artinian O with (1). By our remark above they are maximal Engel.1 In our
proofs we shall use only the Engel property of them, and in order to emphasize this we shall state
our results using the more general term “Engel” rather then that of “locally nilpotent”. In Section 2
we establish some preliminary facts and the main results are given in Section 3. If O is not Artinian
but satisﬁes Krull’s intersection property (and also (1)), then we are able to point out that any Engel
subgroup of units G in A is residually nilpotent and, moreover if G is bounded Engel, then G is locally
nilpotent.
In what follows O will always denote a local ring satisfying (1), M its maximal ideal and K =
O/M. For a tiled ring A over O we denote by E(A) the subgroup of the unit group U(A) of A gene-
rated by all transvections I + ei j(x), i = j, where x ∈ Ji j . Here I denotes the identity matrix and ei j(x)
stands for the elementary matrix, whose (i, j)-entry is x and all other entries are 0. Given a ring R,
we denote by rad R the Jacobson radical of R .
2. Some technical lemmas
Given an n × n tiled ring A it is easy to see that the ring obtained from A by permuting the rows
and columns of A by the same permutation ρ is again a tiled ring, which we denote by Aρ . Observe
also that if for a tiled ring A one has Ji j = J ji = R for some i = j, then the i-row and the j-row of A
1 In the present context it can be easily seen that U(A) is soluble using Lemma 2.3 below and the fact that M is nilpotent,
so it follows directly by the above mentioned result of Gruenberg that any Engel subgroup of U(A) is locally nilpotent.
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as desired.
Next, we note that if A is a tiled ring over O then A is semiperfect by a theorem of B.J. Müller [6,
Theorem 10.3.8]. Thus we have the following.
Remark 2.1. A tiled ring A over O is basic if and only if for any pair of indices i = j at least one of
the ideals Ji j , J ji is proper.
In particular, every incidence ring I(P ,O,J ) is a basic tiled ring over O. We point out the next
easy fact:
Lemma 2.2. Given a basic tiled ring A overO, there exists a permutation ρ on n letters such that Aρ ⊆ Hn(O).
Proof. Since A is basic, one can deﬁne a partial order on a set P = {p1, . . . , pn} with n elements by
setting pi  p j if and only if Ji j = O. Then A ⊆ I(P ,O,M). The elements of P can be numbered
in such a way that the corresponding incidence ring becomes upper-triangular modulo M. To do so,
we ﬁrst enumerate arbitrarily the set Pmin of minimal elements of P , then we continue to enumerate
(again arbitrarily) the set of minimal elements of P − Pmin etc. This new numbering is such that if
i  j then pi  p j never occurs, so it corresponds to a permutation ρ on n letters so that Aρ ⊆
I(P ,O,M)ρ ⊆ Hn(O). 
The next two results will be our main technical tools.
Lemma 2.3. Suppose that A is a tiled ring over O such that A ⊆ Hn(O). Given an element a = (aij) ∈ A, for
any k  1 there exists an element t = t(a,k) ∈ E(A) such that for each 1 i, j  n with aii ≡ a jj (mod M)
the (i, j)-entry of t−1at belongs to Mk.
Proof. For a transvection t = ti j(x) = I + ei j(x), x ∈ O, i = j, the element t−1at can be obtained from
a by adding to the jth column the ith one multiplied by x from the right, subtracting from the ith
row the jth one multiplied by x from the left and subtracting xa jix from the element obtained in the
position (i, j). Thus, in particular, the (i, j)-entry of t−1at is aij + aiix− xa jj − xa jix.
Set
σ1 =
{
(i, j)
∣∣ i < j, aii ≡ a jj (mod M)},
σ2 =
{
(i, j)
∣∣ i > j, aii ≡ a jj (mod M)}
and choose k′  0 such that for each (i, j) ∈ σ1 we have aij ∈ Mk′ .
For (i, j) ∈ σ1, set ti j = I + ei j(xij) ∈ E(A) with xij = −aij(aii − a jj)−1. Since xij ∈ Mk′ and all
entries of a below the main diagonal are in M, we see that conjugating a by ti j and taking values
modulo Mk′+1, the only positions that are eventually affected are: the one at (i, j), the entries in the
jth column above the position (i, j) and those in the ith row to the right of the position (i, j). The
(i, j)-entry becomes 0 modulo Mk′+1, as xij ∈ Mk′ is central by (2).
Therefore, considering subsequently on the indices (1,2) → (2,3) → ·· · → (n − 1,n) → (1,3) →
(2,4) → ·· · → (n − 2,n) → ·· · → (1,n), omitting those positions (i, j) for which aii ≡ a jj (mod M)
and conjugating at each step by I + ei j(xij) with xij = −aij(aii −a jj)−1, we obtain a matrix a′ = (a′i j) ∈
Hn(O) such that a′i j ∈ Mk
′+1 ⊆ M for each (i, j) ∈ σ1.
Next we work below the main diagonal. Suppose that s  1 is such that for each (i, j) ∈ σ2 we
have aij ∈ Ms . Let (i, j) ∈ σ2 and take xij = −aij(aii − a jj)−1. Observe that when we conjugate a by
ti j = I + ei j(xij) ∈ E(A), the only elements that are affected are in the ith row and in the jth column
and, moreover, since xij ∈ Ms , the entries to the left and below the position (i, j) remain unchanged
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row to the right of that position do not change modulo Ms . The (i, j)-entry of t−1i j ati j becomes zero
modulo Ms+1.
Consequently, if we move parallel to the main diagonal as follows: (n,1) → (n − 1,1) → (n,2) →
(n − 2,1) → (n − 1,2) → (n,3) → ·· · → (2,1) → (3,2) → ·· · → (n,n − 1), we conclude that there
exists an element t ∈ E(A) such that for any (i, j) ∈ σ2 the (i, j)-entry of t−1at is in Ms+1.
Repeating this process a suﬃcient number of times, working alternatingly in this way, above and
below the main diagonal, we obtain the desired conclusion. 
Lemma 2.4. Suppose that an Engel subgroup G ⊆ UHn(O) contains an element g =
( a c
d b
)
where a and b are
of the form
a =
⎛
⎝a1 ∗. . .
∗ ak
⎞
⎠ ∈ UHk(O), b =
⎛
⎝b1 ∗. . .
∗ bm
⎞
⎠ ∈ UHm(O)
with ai ≡ b j (mod M), for each 1  i  k, 1  j m, and c and d are matrices of sizes k ×m and m × k
respectively, with entries in Ml for some l 1.
Then any element x ∈ G is of the form x= ( α γδ β ) with
α =
⎛
⎝α1 ∗. . .
∗ αk
⎞
⎠ ∈ UHk(O), β =
⎛
⎝
β1 ∗
. . .
∗ βm
⎞
⎠ ∈ UHm(O),
and the entries of γ = (γi j) and δ = (δi j) in Ml .
Proof. Working modulo M, it follows by [3, Lemma 2.3] that each γi j ∈ M. Suppose that we already
know that all γi j , δi j belong to Ml′ for some l′  1.
Since x ≡ ( α 00 β ) (mod M), it follows that both α and β are invertible modulo M and hence,
invertible.
It is easy to check that
x−1 ≡
(
α−1 −α−1γ β−1
−β−1δα−1 β−1
) (
mod Ml′+1),
and
g−1 ≡
(
a−1 0
0 b−1
) (
mod Ml).
If l′  l there is nothing to prove, so we may assume that l l′ + 1. Then
[x, g] ≡
(
α−1a−1αa α−1a−1γ b − α−1γ β−1b−1βb
β−1b−1δa− β−1δα−1a−1αa β−1b−1βb
) (
mod Ml′+1).
Observe also that
α−1 ≡
⎛
⎜⎝
α−11 ∗
. . .
0 α−1
⎞
⎟⎠ (mod M), β−1 ≡
⎛
⎜⎝
β−11 ∗
. . .
0 β−1
⎞
⎟⎠ (mod M),k m
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⎛
⎜⎝
a−11 ∗
. . .
0 a−1k
⎞
⎟⎠ (mod M), b−1 ≡
⎛
⎜⎝
b−11 ∗
. . .
0 b−1k
⎞
⎟⎠ (mod M).
So, it is easy to see that
α−1a−1γ b ≡
⎛
⎜⎜⎜⎜⎝
α−11 a
−1
1 ∗
α−12 a
−1
2
. . .
0 α−1k a
−1
k
⎞
⎟⎟⎟⎟⎠
⎛
⎜⎜⎜⎝
γ11 γ12 . . . γ1m
γ21 γ22 . . . γ2m
...
...
. . .
...
γk1 γk2 . . . γkm
⎞
⎟⎟⎟⎠
×
⎛
⎜⎜⎝
b1 ∗
b2
. . .
0 bm
⎞
⎟⎟⎠ (mod Ml′+1),
and therefore α−1a−1γ b belongs to
⎛
⎜⎜⎜⎜⎝
α−11 a
−1
1 γ11 +
∑
i2 Oγi1 α−11 a−11 γ12 +
∑
i2 Oγi2 . . . α−11 a−11 γ1m +
∑
i2 Oγim
α−12 a
−1
2 γ21 +
∑
i3 Oγi1 α−12 a−12 γ22 +
∑
i3 Oγi2 . . . α−12 a−12 γ2m +
∑
i3 Oγim
...
...
. . .
...
α−1k a
−1
k γk1 α
−1
k a
−1
k γk2 . . . α
−1
k a
−1
k γkm
⎞
⎟⎟⎟⎟⎠
×
⎛
⎜⎜⎝
b1 ∗
b2
. . .
0 bm
⎞
⎟⎟⎠ .
Similarly, since
β−1b−1βb ≡
⎛
⎜⎜⎝
1 ∗
1
. . .
0 1
⎞
⎟⎟⎠ (mod M),
we see that α−1γ β−1b−1βb is contained, modulo Ml′+1, in
⎛
⎜⎜⎜⎜⎝
α−11 γ11 +
∑
i2 Oγi1 α−11 γ12 +
∑
i2 Oγi2 . . . α−11 γ1m +
∑
i2 Oγim
α−12 γ21 +
∑
i3 Oγi1 α−12 γ22 +
∑
i3 Oγi2 . . . α−12 γ2m +
∑
i3 Oγim
...
...
. . .
...
α−1k γk1 α
−1
k γk2 . . . α
−1
k γkm
⎞
⎟⎟⎟⎟⎠
×
⎛
⎜⎜⎝
1 ∗
1
. . .
⎞
⎟⎟⎠ .0 1
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of γ (1) is α−1k γk1(a
−1
k b1 − 1), modulo Ml
′+1. Similarly, one obtains that the (m,1)-entry of δ(1) =
β−1b−1δa − β−1δα−1a−1αa is β−1m δm1(b−1m a1 − 1), modulo Ml′+1.
Write
x(r) = [x, g, . . . , g︸ ︷︷ ︸
r
] =
(
α(r) γ (r)
δ(r) β(r)
)
,
where
γ (r) =
⎛
⎜⎝
γ
(r)
11 γ
(r)
12 . . . γ
(r)
1m
...
...
. . .
...
γ
(r)
k1 γ
(r)
k2 . . . γ
(r)
km
⎞
⎟⎠ , δ(r) =
⎛
⎜⎝
δ
(r)
11 δ
(r)
12 . . . δ
(r)
1k
...
...
. . .
...
δ
(r)
m1 δ
(r)
m2 . . . δ
(r)
mk
⎞
⎟⎠ .
Clearly,
α(r) ≡
⎛
⎜⎜⎝
1 ∗
1
. . .
0 1
⎞
⎟⎟⎠ (mod M), β(r) ≡
⎛
⎜⎜⎝
1 ∗
1
. . .
0 1
⎞
⎟⎟⎠ (mod M),
and replacing x by x(r−1) in the above calculation we obtain that γ (r)k1 ≡ α−1k γk1(a−1k b1 − 1)r
(mod Ml′+1) and δ(r)m1 ≡ β−1m δm1(b−1m a1−1)r (mod Ml
′+1) for all r  1. Since α−1k , a
−1
k b1−1, β−1m and
b−1m a1 − 1 are units in O and G is Engel, it follows that γk1, δm1 ∈ Ml′+1. Hence, γ (r)k1 , δ(r)k1 ∈ Ml
′+1
for all r  1. Consequently,
γ
(r)
k−1,1 ≡ α−1k−1γk−1,1
(
a−1k−1b1 − 1
)r (
mod Ml′+1)
and
δ
(r)
m−1,1 ≡ β−1m−1δm−1,1
(
b−1m−1a1 − 1
)r (
mod Ml′+1)
for all r  1. Going up this way by the ﬁrst columns of γ (r) and δ(r) we conclude that γ (r)11 , γ
(r)
21 , . . . ,
γ
(r)
k1 , δ
(r)
11 , δ
(r)
21 , . . . , δ
(r)
m1 ∈ Ml
′+1 for all r  1.
Suppose, by induction, that all the entries of the ﬁrst s′ columns of γ (r) lie in Ml′+1, for each
r  1. Then γ (r)k,s′+1 = α−1k γk,s′+1(a−1k bs′+1 −1)r . As above, this yields γ (r)k,s′+1 ∈ Ml
′+1 for every r  1. It
is easily seen that we can go up along the (s′ + 1)th column as we did for the ﬁrst one and conclude
that all its entries are in Ml′+1. It follows, by induction, that all entries of γ (r) are in Ml′+1 for each
r  1. Analogously, the entries of δ(r) lie in Ml′+1 for each r  1. Induction on l′ implies now that all
entries of γ and δ belong to Ml . 
The next fact is an immediate consequence of [3, Corollary 2.4] and it can also be obtained from
the above lemma.
Lemma 2.5. Suppose that an Engel subgroup G ⊆ UHn(O) contains an element g = (gij) such that, for some
index i, we have gi,i ≡ gi+1,i+1 (mod M) and gi,i+1 ∈ M. Then xi,i+1 ∈ M for all x= (xij) ∈ G.
3062 M. Dokuchaev et al. / Journal of Algebra 323 (2010) 3055–30663. The main results
Given a tiled ring A over O, for a subgroup G of U(A) we shall consider the following property:
If for a pair of indices i = j there is an element h = (hkl) ∈ G
such that hii ≡ h jj (mod M) then for all g = (gkl) ∈ G, gij = 0. (3)
Theorem 3.1. Let O be an Artinian local ring satisfying (1) and A a basic tiled ring over O. Then any Engel
subgroup G of U(A) is conjugate, by an element from E(A), to a subgroup with property (3).
Proof. By Lemma 2.2 there exists a permutation ρ on n letters such that Aρ ⊆ Hn(O). Let hρ ∈
GL(n,Z) be the permutation n× n-matrix corresponding to ρ . Then
h−1ρ Ahρ = Aρ and h−1ρ E(A)hρ = E(Aρ). (4)
Write Gˆ = h−1ρ Ghρ and take a ﬁxed g = (gij) ∈ Gˆ such that for some index i the diagonal entries
gi,i and gi+1,i+1 are not congruent modulo M. If there is no such g ∈ Gˆ , then Gˆ trivially satisﬁes
property (3) and so does G , as simultaneous permutation of rows and columns preserves (3). By
Lemma 2.3 there exists tˆ ∈ E(Aρ) such that tˆ−1gtˆ satisﬁes
gii ≡ g jj (mod M) ⇒ gij = 0 (5)
and, in particular, the (i, i + 1)-entry of tˆ−1gtˆ is in M. Let h be the permutation matrix, conjugation
by which transposes the ith and (i + 1)th rows and also the ith and the (i + 1)th columns; i.e.
h =
⎛
⎜⎝
I
0 1
1 0
I
⎞
⎟⎠ .
Since Gˆ is Engel, it follows by Lemma 2.5 that xi,i+1 ∈ M for all x ∈ tˆ−1Gˆtˆ . Write
Aρ =
⎛
⎜⎜⎜⎝
O J12 . . . J1n
J21 O . . . J2n
...
...
. . .
...
Jn1 Jn2 . . . O
⎞
⎟⎟⎟⎠ .
If Ji,i+1 = O then let A′ be the subring of Aρ of the form (J ′kl) with J ′i,i+1 = M and J ′kl = Jkl for all
other pairs of indices (k, l). Since Aρ ⊆ Hn(O), it is easily seen, by Remark 2.1, that A′ is a basic tiled
ring which contains tˆ−1Gˆtˆ , and h−1tˆ−1Gˆtˆh ⊆ h−1A′h ⊆ Hn(O). If Ji,i+1 = O, set A′ = A. Applying this
type of conjugation several times if necessary, we see that there exists a permutation τ and a basic
tiled subring A′ of Aρ which contains tˆ−1Gˆtˆ , such that G˜ = h−1τ tˆ−1Gˆtˆhτ ⊆ h−1τ A′hτ = A′τ ⊆ UHn(O),
the element g˜ = (g˜i j) = h−1τ tˆ−1gtˆhτ ∈ G˜ satisﬁes (5) and g˜11 ≡ g˜22 ≡ · · · ≡ g˜n1,n1 (mod M) (n1 < n)
and g˜11 ≡ g˜ j j (mod M) for any j > n1. By Lemma 2.4, any x ∈ G˜ is of the form
(
αx 0
0 βx
)
,
where αx is an (invertible) n1 × n1-matrix and βx is an n2 × n2-matrix, with n2 = n − n1.
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h−1τ◦ρ Ahτ◦ρ = Aτ◦ρ and by A2 that of Hn2 (O) consisting of the lower-right n2 × n2-blocks. Obviously
both A1 and A2 are basic tiled rings over O. We have that G˜1 = 〈αx: x ∈ G˜〉 ⊆ U(A1) and G˜2 =
〈βx: x ∈ G˜〉 ⊆ U(A2) are Engel groups of smaller sizes, and induction on n implies that there exist
t1 ∈ E(A1) and t2 ∈ E(A2) such that both t−11 G˜1t1 and t−12 G˜2t2 satisfy (3). Clearly,
(
A1 0
0 A2
)
⊆ Aτ◦ρ
and hence t = ( t1 00 t2
) ∈ E(Aτ◦ρ). Moreover, t−1G˜t ⊆ U(Aτ◦ρ) satisﬁes (3). Therefore by (4), Gˇ =
hτ◦ρ(t−1G˜t)h−1τ◦ρ ⊆ U(A) and Gˇ satisﬁes (3). We have that Gˇ = (t′)−1Gt′ with t′ = hρ tˆhτ th−1τ h−1ρ .
Using (4) we see that t′ ∈ hρ(E(Aρ)hτ E(Aτ◦ρ)h−1τ )h−1ρ = E(A), as hτ◦ρ = hρhτ . Thus G is conjugate
by an element of E(A) to the group Gˇ which has property (3). 
Our aim now is to determine all maximal Engel subgroups of U(A) when A is a basic tiled ring
over an Artinian local ring O satisfying (1). Notice that, for a pair of indices i, j such that Ji j = J ji =
0, property (3) gives no restriction. To deal with this situation, we deﬁne a partition Σ of {1, . . . ,n}
as follows: i and j belong to the same class of the partition Σ if and only if Ji j + J ji = 0.
Let {1, . . . ,n} = σ1 ∪ · · · ∪ σs be a subpartition σ of Σ and denote by Gσ = Gσ (A) the group of all
matrices (gij) ∈ U(A) such that
(i) if i, j ∈ σk for some k ∈ {1, . . . , s} then gii ≡ g jj (mod M);
(ii) gij = 0 for all i ∈ σk and j ∈ σk′ with k = k′ .
Theorem 3.2. Let O and A be as in Theorem 3.1. For any ﬁxed subpartition σ of Σ as above, the subgroup
Gσ ⊆ U(A) is nilpotent and maximal Engel. Moreover, every maximal Engel subgroup of U(A) is conjugate by
an element from E(A) to one of the groups Gσ .
Proof. By Theorem 3.1, every Engel subgroup G ⊆ U(A) is conjugate to a group satisfying property (3).
Therefore, there exists a subpartition σ of Σ such that G is conjugate, by a matrix from E(A), to
a subgroup of Gσ .
In order to see that Gσ is nilpotent, we shall consider a group isomorphic to Gσ , which is not
necessarily contained in A, but which is more convenient to work with.
Denote by ni the number of elements in σi , 1  i  s. We can reorder the set of indices in such
a way that
σ1 = {1,2, . . . ,n1},σ2 = {n1 + 1, . . . ,n1 + n2}, . . . . (6)
This deﬁnes a permutation ρ on n letters. Consider the consecutive diagonal blocks of Aρ of size
ni × ni , 1 i  s:
⎛
⎜⎜⎝
A11 ∗
A22
. . .
∗ Ass
⎞
⎟⎟⎠ ,
so that A11 is the set of the left-upper blocks of the matrices of Aρ of size n1 × n1, etc. Observe that
each Aii is a basic tiled ring over O (see Remark 2.1). Denote by N(Aii) the group of all elements
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matrix, to the group
Gn1,...,ns =
⎛
⎜⎜⎝
N(A11) 0
N(A22)
. . .
0 N(Ass)
⎞
⎟⎟⎠ . (7)
Clearly,
Gn1,...,ns  N(A11) × N(A22) × · · · × N(Ass).
Thus, it suﬃces to show that a group of the form G = N(A) is nilpotent in the case when σ
consists of only one class.
Let m be the nilpotency index of M, that is Mm = 0 and Mm−1 = 0. Observe that (1) implies that
the (k+1)th term Γk+1(U(O)) of the lower central series of U(O) is contained in 1+Mk , k 1, and
thus U(O) is nilpotent of class at most m.
Since A is basic, the Jacobson radical R of A is determined by the equalities eiiReii = eii(M),
eiiRe jj = eii Ae jj , i = j, for i, j = 1, . . . ,n (see [6, Prop. 11.1.1]). It is easily seen that R is nilpotent.
Indeed, using Lemma 2.2, we may assume that A ⊆ Hn(O) and it will suﬃce to consider the case
when A = Hn(O). We have that
R = rad Hn(O) =
⎛
⎜⎜⎜⎜⎝
M O O . . . O
M M O . . . O
M M M . . . O
...
...
...
. . .
...
M M M . . . M
⎞
⎟⎟⎟⎟⎠ ,
R2 =
⎛
⎜⎜⎜⎜⎝
M M O O . . . O
M M M O . . . O
...
...
...
...
...
...
M M M M . . . M
M2 M M M . . . M
⎞
⎟⎟⎟⎟⎠ ,
· · ·
Rn+1 =
⎛
⎜⎜⎜⎜⎝
M2 M M O . . . O
M2 M2 M M . . . O
...
...
...
...
...
...
M2 M2 M2 M2 . . . M
M2 M2 M2 M2 . . . M2
⎞
⎟⎟⎟⎟⎠ ,
Rn+2 =
⎛
⎜⎜⎜⎜⎝
M2 M2 M O . . . O
M2 M2 M2 M . . . O
...
...
...
...
...
...
M2 M2 M2 M2 . . . M2
M3 M2 M2 M2 . . . M2
⎞
⎟⎟⎟⎟⎠ ,
etc.
Thus Rmn = 0, so I + R is a nilpotent group and
I + R ⊇ I + R2 ⊇ · · · ⊇ I + Rnm−1 ⊇ I,
is a central series of I + R.
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Notice that I + R, in turn, is generated by its diagonal matrices and the transvections of the form
I + ei j(y), with ei j(y) ∈ R, i = j.
As eiiReii = eii(M) for each index i, it is easy to check that if eiiRke j j = ei j(Ml), then
eiiRk+1e jj ⊇ ei j(Ml+1).
Given x ∈ U(O) and y ∈ Ml , for any i = j we have
[
xI, I + eij(y)
]− I = eij(y − x−1 yx) ∈ eij(Ml+1),
as Ml is central modulo Ml+1. A similar computation holds for commutators of scalar and diagonal
matrices. So, it follows that
G ⊇ 1+ R ⊇ 1+ R2 ⊇ · · · ⊇ 1+ Rnm−1 ⊇ 1
is a central series of G . 
Corollary 3.3. LetO be an Artinian local ring satisfying (1), A an n×n basic tiled ring overO and G amaximal
Engel subgroup of U(A). Then there exists a permutation ρ on n letters and a decomposition n = n1 + · · · + ns,
ni  1, 1  i  s, such that G is conjugate in GLn(O) to a subgroup of the form (7), where A11, A22 . . . , Ass
are the tiled rings formed by the consecutive diagonal blocks of matrices from A of size nii × nii respectively.
In particular,
G  N(A11) × N(A22) × · · · × N(Ass).
Now let O be a local ring with (1), non-necessarily Artinian, and A a basic tiled ring over O.
Further, let r  1 be such that Mr ⊆ Ji j for all i, j. Then I = Mn(Mr) is contained in the Jacobson
radical of A and I + Il is a normal subgroup of U(A) for any l  1. Obviously N(A) contains each
I + Il (l 1). We have the following.
Corollary 3.4. Let A be a basic tiled ring over a local ring O which satisﬁes (1), G an Engel subgroup of U(A)
and assume that there exists a positive integer r  1 such that Mr ⊆ Ji j for all i, j. With the notation above,
there exists a decomposition n = n1 + · · · + ns,ni  1, and basic tiled rings Aii ⊆ Hni (O), i = 1, . . . s, with
Aii ⊇ Mni (Mr) such that for any l 1 there exists gl ∈ GL(n,O) with
g−ll Ggl ⊆
⎛
⎜⎜⎝
N(A11) 0
N(A22)
. . .
0 N(Ass)
⎞
⎟⎟⎠ (mod Il).
In particular,
G/
(
G ∩ 1+ Il) N(A11)/(1+ Il1)× · · · × N(Ass)/(1+ Ils),
where I j = Mnj (Mr), and G/(G ∩ 1+ Il) is nilpotent for any l 1.
Proof. Going modulo Il , A becomes a tiled ring over the Artinian ring O¯ = O/Mrl . The restriction of
the natural map A → A/Il to G has kernel G∩(1+Il), and since N(A jj)/(1+Ilj)  N(A jj/Mnj (Mrl)),
the corollary follows from the proof of Theorem 3.2. 
It was already mentioned in the introduction that the group I +M can be quite sophisticated if O
is non-Artinian. Even when O is commutative, the group I + R may be far from being nilpotent (as
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the rational integers Z at pZ and A = Hn(O) then I + R contains a free group of rank 2 generated,
for example, by the elements
(
1 p
0 1
)
,
(
1 0
p 1
)
.
Even if O is non-necessarily Artinian, we can state the following
Corollary 3.5. Let O be a local ring satisfying (1) such that ⋂∞l=1 Ml = 0, and let A be a basic tiled ring
over O. Then, any Engel subgroup G of U(A) is residually nilpotent. As a consequence, any bounded Engel
subgroup of U(A) is locally nilpotent.
Proof. Since subgroups of residually nilpotent groups are residually nilpotent, we may suppose
again that A = Hn(O). Since ⋂∞l=1 Ml = 0, taking r = 1 in the corollary above, we have that⋂∞
l=1(1+ Il) = 1, and consequently G is residually nilpotent. Finally it follows from a general result
in [1] that a residually solvable bounded Engel group is locally nilpotent. 
Remark 3.6. If O is Noetherian local and commutative then ⋂∞i=1 Mi = 0 by Krull’s Intersection
Theorem.
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